Thickness-shear vibrations of a plate is one of the most widely used functioning modes of quartz crystal resonators. For an analysis of vibrations, the Mindlin and Lee plate theories based on the displacement expansion of the thickness coordinate have been used as the linear theories. However, due to lacking of available method and complexity of the problem, the nonlinear thickness-shear vibrations have been rarely studied with analytical methods. As a preliminary step for the research on nonlinear vibrations in a finite crystal plate, nonlinear thickness-shear vibrations of an infinite and isotropic elastic plate are studied. First, using the Galerkin approximation and forcing the weighted error to vanish, we have obtained a nonlinear ordinary differential equation depending on time. By assuming corresponding solution and neglecting the high-order nonlinear terms, the amplitude-frequency relation of the nonlinear vibrations is obtained. In order to verify the accuracy of our study, we have also employed the perturbation method to solve this ordinary differential equation and obtained the second-order amplitude-frequency relation. These equations and results are useful in verifying the available methods and improving our solution techniques for the coupled nonlinear vibrations of finite piezoelectric plates.
Introduction
Thickness-shear vibrations of piezoelectric plates are widely used as the functioning mode of piezoelectric components like quartz crystal resonators and filters, gyroscopes, and liquid sensors [1] [2] [3] [4] . The theories of thickness-shear vibrations, including Mindlin and Lee plate theories, are linear equations which expand the displacements in the thickness coordinate in the power series and trigonometric series, respectively [5] [6] . Mindlin plate theory has been widely used to precisely predict the thickness-shear vibration frequency, study mode coupling and mode conversion, and investigate thermal effect on the resonant frequency [7] [8] [9] .
It has been recently shown that the nonlinearity of vibrations induces coupling between modes that are not coupled under the linear theory [10] . All these nonlinearity will cause frequency instability and affect the operation precision of piezoelectric devices. Therefore, there is a strong need to study the nonlinear thickness-shear vibrations of elastic plates. Many researchers have made some attempts to study nonlinear effects of thickness-shear vibrations for the various purposes. Equations with linear mechanical variables and nonlinear electric field were obtained by Yang for problems involving small deformations and strong electric fields in piezoelectric materials [11] . Nonlinearity due to relatively large thickness-shear deformations were derived by Yang and used to study the induced nonlinear coupling between thickness-shear and extension modes [12] . Nonlinear Mindlin plate equations for large deformation are established by Wang and solved by the finite difference method [13] [14] . The finite element analysis based on the nonlinear three-dimensional piezoelectricity is employed for the prediction of the well-known driving level dependence (DLD) phenomenon in quartz crystal resonators with success by Yong and collaborators [15] .
In this paper, we studied nonlinear thickness-shear vibrations in an infinite and isotropic elastic plate. By using Cauchy strain and the Piola-Kirchhoff stress of the first kind, we obtained nonlinear equations of thickness-shear vibrations. Not surprisingly, we found this nonlinear equation is indeed complicated and cannot been directly solved by the usual analytical methods. Therefore, we utilized standard Galerkin approximation method to obtain a nonlinear ordinary differential equation depending on time. Then, by assuming corresponding solution and neglecting the high-order nonlinear terms, we obtained amplitude-frequency relation of the nonlinear vibrations. We also employed the perturbation method to obtain the amplitude-frequency relation for the verification of earlier results.
The Equations of Nonlinear Thickness-shear Vibrations
As we know, the actual material of piezoelectric resonators is anisotropic, but studying nonlinear thickness-shear vibrations of an infinite and isotropic plate is still important because it will give us some essential information of the thickness-shear vibrations and it can also be used as a benchmark when we study nonlinear vibrations in the anisotropic plate [5] . First, we only consider the simple thickness-mode deformation in an infinite and isotropic elastic plate as shown in Figure 1 . In general, the deformation will be ( ) , 0 , ,
, 2
x and t are displacements, thickness coordinate, and time, respectively. With the consideration of nonlinear effect, the strain-displacement relations are ( )
Substituting (1) into (2), we have strains in abbreviated notations ( )
Since the plate material is isotropic, the constitutive relations are 
The nonlinear equation of motion is ( )
where ρ is the density of material. A superimposed dot represents material time derivative. Because the strains are independent of 1 x and 3 x , the stress equations of motion governing the simple thicknessmodes, reduce to . 0
Substituting (5) into (7) 
This partial differential equation is similar to the one-dimensional nonlinear longitudinal wave equation, but their nonlinear terms are different [16] [17] . As we know, the nonlinear longitudinal wave equation can be solved by many numerical methods, such as the finite difference method, but the accuracy of these results is not good enough with increase of time and we cannot obtain relation between frequency and amplitude which is our most important objective. As a result, we want to use Galerkin approximation and perturbation method to obtain analytical solution which can provide more information about the nonlinearity [18] [19] .
The Linear Thickness-shear Vibrations
With the omission of the nonlinear term, (8) will reduce to the linear equation for the thickness-shear vibrations of an infinite elastic plate. As giving in earlier studies by Mindlin and others, important properties of the thickness vibrations of elastic plates can be obtained with the linear equation.
Of course, before we can study the simple vibration modes associated with the linear or nonlinear equation, we must have the traction-free boundary conditions on the two faces
where b is the half thickness of the plate as shown in 
This is the known thickness-shear vibration frequency of an infinite and isotropic elastic plate [5] . Particularly, if 1 = n , it is the fundamental thicknessshear frequency. Overtone frequencies are obtained with 1 > n . For quartz crystal resonators, we have seen products utilizing the 11th overtone or even higher of the thickness-shear mode, and we do not see a limit on the order of overtones in future development.
The Solutions of Nonlinear Thickness-shear Vibrations
We are most interested in the effect of the nonlinear terms on thickness-shear frequency. Therefore we want to solve nonlinear thickness-shear vibration equation (8) and hoping it will give us some unknown properties of the nonlinear vibrations. For the thickness-shear vibration mode corresponding to 1 = n , we use a one-mode Galerkin approximation to (8) by letting [20] ( ) ( )
Substituting (13) 
We require this weighted error must equal to zero within the thickness of the plate
Substituting (14) into (15) 
We look for a periodic solution with undetermined frequency ω and undetermined amplitude A . We assume corresponding solution as ( ).
Substituting (17) into (16) Obviously, the nonlinear frequency of the vibration not only depends on amplitude but also related to the thickness of plate. In order to verify the accuracy of above deduction, we have also employed the perturbation method to solve (16) . Now we assume 
For the perturbation procedure, a small parameter should be introduced [21] . Fortunately, as we know, the numerical value of the actual amplitude is less than the order of 10 -9 , so in this study we define η as our small parameter [22] . We assume initial conditions as
We introduce a new variable t ω τ = and substitute it back to (24) and (25) It is worth pointing out that the solution of the n th-order ordinary differential equation (29) , which is the identical with the (22) . Both the Galerkin method and the perturbation method have neglected some high-order terms during the calculation, which inevitably cause errors in our results. However, the errors of the perturbation method can be further reduced by calculating higher order approximations. It is worth pointing out that the entire perturbation procedure can be easily and efficiently implemented by Matlab.
Conclusions
In this paper, the nonlinear thickness-shear vibrations of an infinite and isotropic elastic plate have been studied. By using the Galerkin method, we obtained a nonlinear ordinary differential equation and have employed perturbation method to solve this equation. We found that the first-order perturbation solution is the same as the previous result if we properly select initial conditions. The amplitude-frequency relation shows that the nonlinear frequency of the thickness-shear vibrations depends on amplitude and thickness of plate, which is quite different with linear frequency. The analytical approach described in this paper can further be employed to the nonlinear vibrations of quartz crystal plates required in resonator design.
